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Abstract
An explicit holographic correspondence between AdS bulk and boundary quan-
tum states is found in the form of a one to one mapping between scalar field cre-
ation/annihilation operators. The mapping requires the introduction of arbitrary
energy scales and exhibits an ultraviolet-infrared duality: a small regulating mass
in the boundary theory corresponds to a large momentum cutoff in the bulk. In the
massless (conformal) limit of the boundary theory the mapping covers the whole
field spectrum of both theories, as expected from AdS/CFT correspondence. The
mapping strongly depends on the discretization of the field spectrum of compactified
AdS space in Poincare coordinates.
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The holographic principle asserts that a quantum system with gravity can be repre-
sented by a theory on the corresponding boundary[1, 2, 3]. This principle was inspired
by the result that the black hole entropy is proportional to its horizon area[4, 5]. A re-
alization of that principle was proposed by Maldacena in the form of a conjecture[6] on
the equivalence (or duality) of the large N limit of SU(N) superconformal eld theories
in n dimensions with supergravity dened in n + 1 dimensional anti de Sitter spacetime
(AdS/CFT correspondence). Prescriptions for realizing this conjecture, using Poincare
coordinates in the AdS bulk, were established by Gubser, Klebanov and Polyakov [7] and
Witten [8]. In their approach, the AdS solutions play the role of classical sources for
the boundary eld correlators. The relation between the holographic mapping and the
renormalization group flow was discussed in [9]. Further, the recent model of Randall and
Sundrum[10] that proposes a solution to the hierarchy problem also presents holographic
mapping between AdS bulk and boundary[11].
However, there is still no result relating directly the quantum states of a bulk theory
to those of a theory on the boundary. This would be an important step towards a theory
of quantum gravity. The purpose of this letter is to nd a mapping between quantum
states of a scalar eld theory in AdS spacetime and scalar elds on its boundary. We
nd an explicit relation between the creation-annihilation operators of bulk and boundary
theories which implies a direct relation between the corresponding quantum states. One
remarkable fact of this realization is that starting with boundary elds with some small
mass µ (that can be interpreted as some infrared regulator) and imposing that canonical
commutation relations in both theories are preserved we nd a mapping where the bulk
eld has an ultraviolet cut o behaving as 1/µ . This is a realization of the ultraviolet-
infrared duality which is expected from the holographic correspondence. Also remarkable
is the fact that the mapping completely covers both theories in the conformal (massless)
limit of the boundary eld, reflecting the AdS/CFT correspondence.
In order to consistently dene a quantum eld theory in AdS space one actually needs
a compactication of this space. This way one is able to impose appropriate boundary
conditions and avoid the loss or gain of information at spatial innity in nite times and
thus have a well dened Cauchy problem. This was established in [12, 13] in the context
of global coordinates (these coordinates have nite ranges).
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Anti-de Sitter spacetime of n + 1 dimensions can be represented[14, 15] as the hy-







2 with  = constant embedded in a flat n + 2





The AdS/CFT correspondence takes its natural form in terms of the so called Poincare















Xn = − 1
2z
(
z2 − 2 + ~x2 − t2
)
, (1)
where ~x = (x1, x2, ..., xn−1) with −1 < xi < 1 , −1 < t < 1 and 0  z < 1. In this





dz2 + (d~x)2 − dt2
)
. (2)
In recent articles [16, 17] we investigated the quantization of scalar elds in the AdS
bulk in terms of Poincare coordinates, taking into account the need of compactication
of the space. The AdS boundary corresponds to the region z = 0 described by usual
Minkowski coordinates ~x , t plus a \point" at innity (z ! 1 ). This point belongs
to the boundary in global coordinates and must be added to the space in order to nd
the appropriate compactication. As discussed in [16, 17] this compactied AdS space
can not be completely represented in just one set of Poincare coordinates. So one needs
to introduce two coordinate charts in order to represent the compactied (in the axial z
direction) AdS space. Each chart stops at some value of its z coordinate. The necessity
of cutting this axial coordinate has the non trivial consequence that the eld spectrum is
discrete in the z direction as one should expect from a compact dimension. This reduces
the dimensionality of the bulk space of states and makes it possible to nd a one to one
mapping into the boundary states. Note that one chart can be taken arbitrarily large in
order to describe as much of the AdS space as wanted.















where we take x0  z , xn+1  t , pg = (x0)−n−1 and ξ = 0, 1, ..., n + 1 .
We consider a Poincare chart in AdSn+1 with
1 n  3 given by 0  z  R , where we
will take R to be arbitrarily large (but nite) in order to take as much of the AdS space
as we want. The solutions of the classical equations of motion implied by the action (3)
can be used to construct quantum elds in this region giving[16, 17]








fap(~k) e−iwp(~k)t+i~k~x + c.c.g , (4)
where ~k = (k1, ..., kn−1) , wp(~k) =
√
u2p +














= 2 (2pi)n−1wp(~k)δp p0 δn−1(~k − ~k0) . (5)








fb( ~K) e−iw( ~K)t+i ~K~x + c.c.g , (6)
where ~K = (K1, .., Kn−1) , w( ~K) =
√
~K2 + µ2 and the creation-annihilation operators
satisfy the canonical algebra
[
b( ~K) , by( ~K 0)
]
= 2(2pi)n−1 w( ~K)δ( ~K − ~K 0) . (7)
Note that ~K and ~k have the same dimensionality once we separate the component up of
the bulk momentum which is discrete.
In order to establish a correspondence between these two theories we use general-
ized spherical coordinate systems for representing both boundary and bulk momentum
variables ~K = (K, ~φ, ~θ`) and ~k = (k, φ, θ`) respectively where K = j ~Kj , k = j~kj and
` = 1, ..., n− 3 . So we rewrite the phase space volume elements as
d ~K = Kn−2dK d~Ωn−1
d~k = kn−2dk dΩn−1 , (8)
1The AdS3 case has some peculiarities and should be discussed separately.
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where d~Ωn−1 , dΩn−1 are the innitesimal elements of solid angle in n− 1 dimensions for
respectively boundary and bulk.
Now, using this spherical coordinate representation, we introduce a sequence of energy


















d~Ωn−1fb( ~K) e−iw(K)t+i ~K~x + c.c.g
+ ... . (9)
Then with a suitable mapping one can relate each of the µ integrals above with the
integral of the bulk eld , eq.(4), over d~k for a xed up. Considering rst the interval
0  K  1 and p = 1 we introduce relations between the creation-annihilation operators
of both theories. We assume that k is some function of K and that the angular part of
the mapping is trivial so that the same set of angular coordinates are used for bulk and
boundary momenta. We choose
K
n−2
2 b(K, φ, θ`) = k
n−2
2 a1(k, φ, θ`)
K
n−2
2 by(K, φ, θ`) = k
n−2
2 ay1(k, φ, θ`) , (10)
where the moduli of the momenta are mapped onto each other through
k = g1(K, µ) . (11)
Requiring that the canonical commutation relations (5,7) are consistent with the above











































Then, for the other intervals i−1 < K  i , that we put in correspondence with ui,
we introduce similarly the relations
b(K, φ, θ`) =
[ K2 + µ2






2 ai(gi(K, µ), φ, θ`)
by(K, φ, θ`) =
[ K2 + µ2






2 ayi (gi(K, µ), φ, θ`) , (15)









K − i−1 +
√
(K − i−1)2 + µ2
− K − i−1 +
√






where i = i − i−1, so that gi(i, µ) = 0. The maximum for gi(K, µ) happens for
















Note that the λi are dierent in general depending on ui and i. The ui are related to
the zeros of the Bessel functions and obey the ordering ui > ui−1, but the intervals i
are of arbitrary size by construction.















Figure 1: The mapping between the boundary momentum K and bulk momentum k for
the case of a massive boundary theory. Finite intervals on K are mapped into intervals
for k with cutoffs λi for each ui.
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So we have established a correspondence between the states of scalar elds in AdS
bulk (massive or not) with massive scalar elds on its boundary.
An important feature of this correspondence is that the boundary theory (which has
an infrared cuto µ ) is mapped into a bulk theory with ultraviolet cutos λi given by
eq. (17) for each value of ui . Note that a small µ corresponds to large λi (with a leading
order term  1/µ). So that we nd explicitly a duality of the regimes UV-IR in the
bulk/boundary mapping.
The mapping of massive boundary elds into bulk scalar elds implies a direct relation
between the corresponding quantum states
j ~Ki, µi $ j~k, uii, (18)
with ~Ki = (Ki, φ, θ`) being a momentum with modulus i−1 < Ki  i and ~k = (k, φ, θ`)
with modulus 0  k < λi. This is a realization of the Holographic principle in terms of
quantum states and it exhibits the Ultraviolet-Infrared duality expected from the bulk
boundary correspondence[3].
Now we focus on the important limiting case of a massless (conformal) boundary
theory. First we note that the rst interval will be taken as 0 < K  1, excluding the
state of K = 0 that is not physically relevant in this massless case. The other intervals
























So we nd out that when the boundary theory is conformal the whole phase space of
the bulk (without any UV cuto) is mapped in the whole phase space of the boundary
(with the exception of the state of zero momentum that has no Physical content). This
result is in agreement with what is expected from the AdS/CFT correspondence. This










Figure 2: The mapping between the boundary momentum K and bulk momentum k for
the case of a conformal boundary theory. Every finite interval on K is mapped into an
infinite interval for k (corresponding to each value of ui), so that the bulk phase space is
completely covered by this mapping.
In the conformal case we found a direct mapping of boundary/bulk quantum states:
j ~Kii $ j~k, uii , (21)
where again i−1 < Ki  i but now 0  k < 1 without any ultraviolet cuto.
The correlation functions for the conformal boundary theory can be calculated directly
from the boundary elds, eq. (6)
h0(x)0(x0)i  1
(x − x0 )2d , (22)
where x = (~x, t) , x0 = (~x0, t0) and d = (n− 2)/2 is the conformal dimension for the scalar
eld 0  µ=0 dened in the boundary of AdSn+1.
It is important to compare the present results with those coming from standard
AdS/CFT correspondence[6, 7, 8, 15]. There, the boundary values of classical bulk
elds have the role of classical sources for correlation functions of the boundary theory.
That is the way one gets the physics of one of the theories by using the ingredients of the
other. The coupling of bulk elds to boundary ones naturally determines the conformal
dimensions of boundary operators that in general correspond to composite elds. The
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boundary operator conformal dimension in this case is given by  = (n +
p
n2 + 4m2)/2
for the AdSn+1 with bulk mass m[8].
Here things show up in a dierent way. We nd a direct one to one mapping between
quantum states of bulk and boundary scalar theories. That is why the conformal dimen-
sion of our boundary eld is dierent from that of the usual AdS/CFT . The bulk elds in
our case are not acting as sources for the boundary theory. So, the conformal dimension
of the boundary elds is not xed by this mechanism. Rather, it is a consequence of our
choice for scalar elds on the boundary. We expect that our mapping could be generalized
to other eld operators, possibly composite ones, if one starts with appropriate expansion
for the boundary operators, enlarging the mechanism proposed here.
Let us nally point out that once we establish a one to one mapping between bulk
and boundary quantum states we expect that their entropies will be in the same corre-
spondence. So the entropy area law would apparently be a consequence of this mapping,
at least for the system of scalar elds in AdS space analyzed here.
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